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Abstract— This paper presents the derivation of a new class of orthogonal polynomials named ADEM-B orthogonal polynomials, qn(x) 
valid in the interval [-1, 1] with respect to weight function w(x) = x
2
 – 1. The analysis of some basic properties of the polynomials shows 
that the polynomials are symmetrical depending on whether index n in qn(x) is even or odd. The recurrence relation of the class of the 
polynomials is presented and a brief review of the formulation of existing scheme is considered to test the applicability of the 
polynomials. Findings reveal that these polynomials produce the same results as in zeros of Chebyshev and Legendre polynomials. 
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1 INTRODUCTION 
pplication of polynomial is as old as polynomial 
itself. Polynomials have been in existence for a long 
time such that their date of invention is unknown; 
their origin dated back to ancient Greek and Chinese 
mathematical problems. The first known graph of a 
polynomial equation was created by the famous French 
philosopher and mathematician, Rene Descartes in1637 
(see Boyer (1985), Watson (2012), Moorman (1943), 
Costabel (1987)).  
 
Concepts considered to be basic parts of polynomials 
today are part of a series of discoveries dating from before 
the advent of recorded mathematical history to Descartes' 
work in the 17th century. With the basic structure for 
polynomials in place, work after this period builds upon 
its foundation to codify the more advanced branches of 
mathematics. The basic structure of the polynomial is 
largely unchanged from Descartes' time (Watson, 2012). 
 
Polynomials have a wide range of application. Engineers 
use polynomials to graph the curves of roller coasters, 
combinations of polynomial functions are sometimes used 
to do cost analyses in economics. Polynomials are used in 
physics to describe the trajectory of projectiles. Business 
people also use polynomials to model markets situations, 
in order to see how raising the price of a good will affect 
its sales. In industries, polynomials are very important in 
dealing with physical phenomena or modeling situations 
for the future.  They can be used to predict how changing 
one factor in our lives may affect another without even 
noticing it. Statisticians apply mathematical models, 
which involve polynomials, to analyze and interpret data 
and draw conclusions. In chemistry, Gas equations 
relating diagnostic parameters and formulae of molecules 
in concentration at equilibrium can be written as 
polynomials. 
 
In mathematics, specifically in computational aspects, the 
problem of approximating a function is of great 
significance due to its importance in the development of 
software for digital computers. To interpolate or collocate  
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a function, short polynomials are joined together so as to 
pass through all the data points. Polynomials such as 
Chebyshev, Legendre, Hermite, Laguerre etc. have been 
widely used in this respect (see Golub and Smith (1971), 
Golub  andWelsch (1969), Szego (1959)).The orthogonal 
polynomials have its origin in the nineteenth century 
theories of continued fractions and the moment problem. 
Classical orthogonal polynomials have found widespread 
use in all areas of science and engineering. Typically, they 
are used as trial functions to expand other more 
complicated functions in which many at times, arise from 
initial or boundary value problems. 
 
Various trial functions such as, the Chebyshev 
polynomials which was introduced in (Lanczos 1938) as 
basis function for the solution of linear differential 
equations in term of finite expansion, the Legendre 
polynomials, Power series and the Canonical polynomials 
have been used to derive continuous schemes. 
 
Our focus in this work is to employ a non-negative weight 
function and construct a class of orthogonal polynomials 
whose recurrence relation would be provided. In what 
follows, we shall construct a set of polynomials valid in 
interval [-1, 1] with respect to weight function 
.  
2 CONSTRUCTION OF ORTHOGONAL 
BASIS FUNCTION 
Let the function , the quantity to be evaluated be 
defined as on the real interval [a,b] where   must 
satisfy the orthogonal property. For the purpose of 
constructing the basis function, we adopt the approach 
discussed extensively in Adeyefa and Adeniyi (2015) and 
use additional property (the normalization)  
where our weight function is defined as . 
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For r = 0 in (1),  
Using the normalization equation,  
Hence, 1)(0 xq  
For r = 1 in (1),  
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Applying the normalization equation, (3) gives  
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Solving (4) and (5) and substituting the outcomes into (3), 
we have 
 
)6()(1 xxq   
When r = 2 in (5), 
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By normalization definition, (7) gives 
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We have 
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Solving (8), (9), (10) and substituting the resulting values 
into (7), we 
have
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We obtain, for r = 3 in (1), )7(
4
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In the same vein, 4),( nxqn are developed. The first 
eleven of this class of orthogonal polynomials are listed 
hereunder. 
This set of polynomials shall be referred to as ADEM-B 
Orthogonal polynomials. In the spirit of Golub and 
Fischer (1992), equation (12) must satisfy three-term 
recurrence relation 
wherebj, cj> 0 for 1j (b1 is arbitrary). 
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The recurrence relation for ADEM-B orthogonal 
polynomial is therefore given as 
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Many additional properties of the polynomials can be 
derived for particular choices. Polynomials )(xqn , n = 0, 
2, 4, . . . satisfies f(x) = f(-x). This shows the symmetric 
property about the y-axis as they are even polynomials 
while polynomials )(xqn , n = 1, 3, 5, . . .satisfies f(-x) = -
f(x). This alsoreveals the symmetric property about the 
origin as they are odd polynomials. 
 
In Frank and Wright (1917), the symmetric center is called 
the center of gravity of a polynomial. This is derived from 
the observation that the symmetric center is in fact the 
mean value of the roots (real and complex) of f. If the 
roots on the complex plane are interpreted as point 
masses, multiple roots weighted accordingly, the 
symmetric center is where a pivot must be placed to 
balance the plane. 
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Now that we know where the center of symmetry must 
be, we can shift the polynomial to the origin and use the 
usual polynomial tests for symmetry. The graphs of the 
derived polynomials are therefore shown below as 
Figures 1-3 categorized into odd polynomials, even 
polynomials, odd and even combined. 
3 TEST OF APPLICABILITY 
To investigate the applicability of this class of orthogonal 
polynomials, we briefly review here the work of Adam-
Moulton on derivation of four-step implicit method 
whose discrete scheme is 
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For this purpose, we shall seek an approximation of the 
form 
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where )(xqr is the orthogonal polynomials derived. 
We interpolate (13) at 3,   sxx sn and collocate the 
first derivative of (13) at 4)1(0,   kxx kn to obtain a 
system of six equations which are solved simultaneously 
and, the resulting values of ar are substituted back into 
(13) to have a continuous schemes. Evaluating the 
continuous scheme at the grid point 4 nxx yields the 
Adams-Moulton explicit four-step method mentioned 
above. 
4 CONCLUSION 
The construction of a class of newly generated 
polynomials has been considered in this work with the 
symmetric properties discussed. The recurrence relation 
for the set of these polynomials has been presented. This 
set of new polynomials, when applied, recovers the well-
known Adams-Moulton four-step explicit method. 
This class of new polynomials is therefore recommended 
for general purposed use while the further investigation is 
ongoing on the other basic properties as we hope to 
discuss this in the future paper. 
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Fig. 3. Graph of Even Polynomials 
 
 
Fig. 1.Graph of Odd Polynomials 
 
Fig. 2. Graph of Odd and Even Polynomials 
